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Abstract
Non-Gaussianity inducing operations are studied in the recent past from different perspectives. Here, we
study the role of photon addition, a non-Gaussianity inducing operation, in the enhancement of nonclassicality
in a finite dimensional quantum state, namely hypergeometric state with the help of some quantifiers and
measures of nonclassicality. We observed that measures to characterize the quality of single photon source
and anticlassicality lead to the same conclusion, i.e., to obtain the desired quantum features one has to choose
all the state parameters such that average photon numbers remains low. Wigner logarithmic negativity of
the photon added hypergeometric state and concurrence of the two-mode entangled state generated at the
output of a beamsplitter from this state show that nonclassicality can be enhanced by increasing the state
parameter and photon number addition but decreasing the dimension of the state. In principle, decreasing the
dimension of the state is analogous to holeburning and is thus expected to increase nonclassicality. Further,
the variation of Wigner function not only qualitatively illustrates the same features as observed quantitatively
through concurrence potential and Wigner logarithimic negativity, but illustrate non-Gaussianity of the quantum
state as well.
1 Introduction
On the verge of second quantum revolution [1], nonclassical states are essential elements to establish quantum
dominance. Literature enlightens, a lot of work has been performed on the study of generation of various nonclassical
states and their properties ( [2–4] and references therein). To be specific, the quantum states with non-positive
Glauber-Sudarshan P function [5, 6], called nonclassical states, are at the core of the second quantum revolution
[1, 7]. The nonclassical states are extremely important for obtaining quantum advantage in computing [8–10],
communication [11,12], cryptography [13], metrology [14,15], simulation [16,17], sensing [18,19], etc. For instance,
many of these applications require squeezed states, having uncertainty in one of the quadratures less than the
corresponding value for coherent state; entangled states, which cannot be written as a product of quantum states
of individual subsystems; and on-demand single photon sources, which are necessarily antibunched states.
Generally, a finite dimensional quantum state is referred to as qudit (in a d-dimensional Hilbert space), which
can be expressed in the Fock basis as
|ψd〉 = Nd
d−1∑
n=0
cn |n〉 , (1)
where Nd is the normalization constant, and |cn|2 = pn is the photon number distribution of the state. Thus, we
know pn = 0∀n ≥ d, which is termed as a hole in the photon number distribution. Additionally, we know in terms
of the Glauber-Sudarshan P function, we can write the photon number distribution as
pn =
ˆ
P (α) |〈n|α〉|2 d2α, (2)
which allows us to conclude that P (α) < 0 if pn = 0 for any value of n. The motivation to study finite dimensional
(qudit) states lies in the fact that some of these states can be reduced mathematically to the most nonclassical
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(Fock state) as well as the most classical (coherent state) states in the limiting cases. Most significant examples of
finite dimensional (qudit) states worth mentioning are a class of intermediate states, such as hypergeometric [20],
binomial [21], negative binomial [22], vacuum filtered binomial [23], negative hypergeometric [24], photon added
binomial [23], shadowed [25] and shadowed-like [26] negative binomial states, etc. Initially the investigations on these
states were limited to theoretical studies, but with the advent of advanced experimental techniques, a few groups
have succeeded in generating such states [27–30] and possibly more to follow. Due to several applications of qudit
states various nonclassical properties (both lower- and higher-order antibunching, squeezing, sub-Poissonian photon
statistics, etc.) have been studied very rigorously [23,26,31,32]. However, most of these works were focused on the
witnesses of nonclassicality and relatively less effort has been given on the quantitative aspects of nonclassicality.
Hypergeometric state is a one-parameter generalization of binomial state and is also studied in reference to de-
formed oscillator algebra [20]. Non-Gaussianity inducing operations, such as photon addition, subtraction, vacuum
filtration, quantum scissors, photon catalysis are used as nonclassicality inducing and enhancing operations in sev-
eral quantum state engineering proposals. Specifically, advantage of photon addition and subtraction in application
of quantum phase in quantum metrology [33], quantum scissors in teleportation and cryptography [34–36], entan-
glement purification ( [37] and references therein), nonclassicality and non-Gaussianity enhancement [23, 33, 38],
are reported recently. Further, non-Gaussian states obtained by such quantum state engineering operations have
applications in continuous variable quantum cryptography and computation ( [39–41] and references therein). The
continuous variable quantum cryptography is considered a better candidate than corresponding discrete variable
counterparts for a metropolitan network [42] and non-Gaussian operations can further enhance this performance
(for example, see [43,44]). . Moreover, recently engineered qudit states have been used experimentally in quantum
walk [30], which may be a useful resource for quantum walk based quantum cryptographic schemes [45].
Motivated by above mentioned facts, here, we aim to study the role of photon addition in the enhancement of
nonclassicality in hypergeometric state. The choice of this state is particularly important as it holds the potential
to be used for realizing all the known applications of finite dimensional states in quantum technology, and a large
set of finite and infinite dimensional quantum states can be reduced in the limiting cases of the hypergeometric
state (discussed in detail in next section). Specifically, in this paper, we aim to study nonclassical features of
photon added hypergeometric state (PAHS), in terms of a few quantitative measures of quantumness, namely
characterization of the quality of the single photon source, anticlassicality, concurrence potential, Wigner function
and Wigner logarithmic negativity. We will further reduce the corresponding results for a set of other quantum
states, composing hypergeometric, binomial, photon added binomial, coherent, and photon added coherent states,
in the limiting cases.
The rest of the paper is organized as follows. In Section 2, we discuss all the properties of PAHS and its
limiting cases. We summarize our findings regarding nonclassicality quantifiers to characterize single photon source,
anticlassicality, concurrence potential, Wigner function and Wigner logarithmic negativity in the subsequent section.
Finally, we conclude our results in Section 4.
2 State to be investigated: Photon added hypergeometric state
Hypergeometric state was introduced by Fu and Sasaki [20] in 1996. It can be expressed as the superposition of
number states in the M + 1-dimensional space analogous to Eq. (1) as
|L,M, η〉 =
M∑
n=0
[(
Lη
n
)(
L(1−η)
M−n
)] 12 (L
M
)− 12 |n〉 , (3)
where probability η ∈ [0, 1] and L ≥ max
{
Mη−1,M (1− η)−1
}
are the real parameters. Also,
(
N
l
)
is the binomial
coefficient. The quantum state has photon number distribution |〈n | L,M, η〉|2 = (Lηn )(L(1−η)M−n )(LM)−1 defined as
hypergeometric distribution.
This quantum state can be transformed to obtain k-PAHS by repeatedly applying a creation operator on the
hypergeometric state. The analytical expression in this case is given by
|L,M, η, k〉 = a†k |L,M, η〉 = NPAHS
M∑
n=0
[(
Lη
n
)(
L(1−η)
M−n
)] 12 (L
M
)− 12√ (n+ k)!
n!
|n+ k〉 . (4)
where k is the number of photons added. We need to renormalize the state as photon addition is a non-unitary
operation, and the normalization constant for PAHS can be computed as
2
Figure 1: (Color online) The complete set of quantum states that can be reduced from PAHS in the limiting cases.
Here, |ϕ〉 and |ϕ′〉 corresponds to binomial and photon added binomial states, respectively.
NPAHS =
{
M∑
n=0
[(
Lη
n
)(
L(1−η)
M−n
)] (
L
M
)−1 (n+ k)!
n!
}− 12
. (5)
Lower- and higher-order antibunching, sub-Poissonian photon statistics and squeezing in hypergeometric state
are reported in [20]. Here, our objective is to investigate the role of photon addition in enhancement in the
nonclassical features of the state with respect to measures to characterize the quality of single photon source [46],
anticlassicality [47], concurrence potential [48, 49], Wigner function [50], and Wigner logarithmic negativity [51].
Before we proceed further it is imperative to mention that the PAHS can be reduced to a set of finite and infinite
dimensional quantum states in limiting cases (as summarized in Fig. 1). For instance, hypergeometric state can
be obtained from PAHS for k = 0. As hypergeometric state can be reduced to the binomial state |ϕ〉 in the limits
of L → ∞, so PAHS gives us photon added binomial state |ϕ′〉 in that limit. Further, considering Mη = α in
the limits of M → ∞, we can also obtain coherent state and photon added coherent state with real α parameter
from binomial and photon added binomial states, respectively. Interestingly, Fock state |M〉 and vacuum |0〉 can
also be obtained from the binomial state by considering η = 1 and η = 0, respectively. These limiting cases add
value to the present study by clearly indicating a general nature of the present study. Specifically, as special cases
of the present study, nonclassical and non-Gaussian features of the limiting states can be visualized and quantified
with ease. Some of these states are already shown to be useful in continuous variable quantum computation and
communication [52,53], quantum phase estimation [54], implementation of CNOT gate [28], etc.
3 Nonclassicality quantifiers and measures
Here, we quantify the role of the non-Gaussianity inducing operation, i.e., photon addition, in the enhancement of
nonclassicality in the finite dimensional intermediate state, i.e., PAHS. In what follows, we report the quantifiers and
measures of nonclassicality with the relevant analytical expressions. To begin with we will discuss two nonclassicality
quntifiers (e.g., measure to characterize quality of single photon source and anticlassicality) and subsequently we
will discuss nonclassicality measures (e.g., concurrence potential and Wigner logarithmic negativity).
3.1 Measure to characterize quality of single photon source
A quantitative measure which can characterize the quality of the single photon source [46] can be defined mathe-
matically as
µ =
P1
1− (P0 + P1) , (6)
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Figure 2: (Color online) The dependence of the measure to characterize the quality of single photon source µ
on (a) η for different values of k in PAHS with M = 5, (b) η for different values of M for single-PAHS. (c) µ is
compared with that for photon added binomial state and binomial state as function of η. In (c) we have also shown
µ for coherent state and single photon added coherent state with α = Mη with M →∞.
where the probability Pi of obtaining exactly i photons in a pulse is obtained from the corresponding photon number
distribution pm as Pi = pm (m = i)∀i ∈ {0, 1}. Specifically, this quantifies the ratio of single photon pulses with
multiphoton pulses in the concerned state and is expected to be large for a desirable quantum state of light for
single photon generation. The more is the value of µ for a state, the better it is as a single photon source to be
used in quantum cryptography. In case of PAHS, the photon number distribution pPAHSm can be obtained as
pPAHSm = |〈m | L,M, η, k〉|2
=

∣∣∣∣NPAHS( Lηm−k) 12 ( L(1−η)M−m+k) 12 (LM)− 12√ m!(m−k)! ∣∣∣∣2 , m > k
0, m ≤ k.
(7)
We have already mentioned that results corresponding to a set of quantum states can be obtained from Eq. (7) in
the limiting cases. Notice that the probability of detecting a pulse having photon number less than the number of
photon added is zero in Eq. (7). Thus, photon addition (k > 1) is certainly not providing any advantage in the
context of single photon generation (cf. Fig. 2 (a)). As far as k = 1 is concerned, it also reduces the probability
of single photon pulses with respect to the corresponding hypergeometric state. This is physically expected and
is consistent with our intuition. Additionally, with increase in the dimension of qudit, average photon number
〈n〉 = 〈a†a〉 increases (shown in Fig. 3 (b)) because the photon number distribution is altered, i.e., probability for
higher photon number pulses increasing at the cost of that for lower photon number pulses (shown in Fig. 3 (a)), and
therefore, the probability of single photon pulses decreases (cf. Fig. 2 (b)). We also observed that hypergeometric
state performs better than binomial state as a single photon source (cf. Fig. 2 (c)). Further photon addition in all
these cases just reduces the quality of these states to be used as a single photon source. This can also be visualized
from the photon number distribution of hypergeometric state and PAHS in Fig. 3 (a) that due to a single photon
addition probability of zero photon pulses becomes zero. We have not discussed the case of k > 1 as probability of
both zero and single photon pulses becomes zero in that case.
It is worth mentioning that though the findings for the infinite dimensional coherent and photon added coherent
states cannot be compared with that of the finite dimensional state, but photon addition reduces the quality of
single photon sources from the coherent state as for PAHS. The intrinsic beauty of this relatively simple measure
will be further illustrated in the next subsection where we will establish a connection between µ and anticlassicality,
a well studied concept introduced by Dodonov et al. in 2003 [47]. The connection will add to the existing physical
meaning of anticlassicality.
3.2 Anticlassicality
Dodonov et al., introduced a measure of nonclassicality as the distance between the nonclassical state to be studied
and Fock state (the most nonclassical state) [47]. Mathematically, anticlassicality for an arbitrary quantum state ρ
is defined as
A = max
m>0
pρm (8)
in terms of its photon number distribution pρm. In our case, ρ is PAHS and therefore we use pPAHSm as defined
in Eq. (7) to obtain anticlassicality using Eq. (8). Incidentally, the variation of anticlassicality measure shows
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Figure 3: (Color online) The variation of (a) photon number distribution pm with photon number m for different
η, M , and photon addition k, and (b) average photon number 〈n〉 = 〈a†a〉 with respect to η for different M and k.
Variation of anticlassicality with (c) photon addition for different M with η = 0.1 and (d) η.
that increasing k, M , and η have the same effect: anticlassicality is found to decrease with increase in all these
parameters (cf. Fig. 3 (c) and (d)). This is consistent with the observations in [47] that anticlassicality decreases
with the increasing average photon number 〈n〉 = 〈a†a〉 > 1 while it increases for 0 < 〈n〉 < 1. For the sake of
completeness we have also shown dependence of the average photon number on all the state parameters in Fig. 3
(b) which illustrates a monotonous increase in 〈n〉.
3.3 Concurrence potential
There are several measures of nonclassicality proposed for the purpose of quantitative analysis of nonclassicality in
a quantum state. All these measures have some inherent limitations (see [55] for discussion). These measures are
often not monotone of each other and therefore, it becomes important to study either more than one nonclassicality
measure or mention the quantifier used. One such measure, that we are going to use here, attempted to quantify
the amount of nonclassicality present in an arbitrary quantum state using entanglement measures [49], namely
entanglement potential. However, entanglement measures are also not monotone of each other.
The idea of entanglement potential is based on the fact that classical states cannot generate entanglement in
the output of the beamsplitter, while mixing of an arbitrary nonclassical state with any classical state (for example
vacuum) on a beamsplitter generates an equivalent amount of entanglement in the output. Without loss of generality,
for the total input state of the beamsplitter (|ψ〉 ⊗ |0〉) =
(
M∑
n=0
cn|n〉
)
⊗ |0〉, the output of the beamsplitter can be
expressed in the Fock basis as
|Φ〉 = U (|ψ〉 ⊗ |0〉) ≡ U |ψ, 0〉 =
M∑
n=0
cn
2n/2
n∑
j=0
√(
n
j
) |j, n− j〉. (9)
Similarly, mixing PAHS and vacuum state at the beamsplitter, the post beamsplitter state can be written as
|φ〉 = NPAHS
M∑
n=0
[(
Lη
n
)(
L(1−η)
M−n
)] 12 (L
M
)− 12 1√
n!
n+k∑
k1=0
(
n+k
k1
)( 1√
2
)k1 ( ι√
2
)n+k−k1√
k1! (n+ k − k1)!|k1, n+ k − k1〉.
(10)
Concurrence is formally defined for a bipartite state ρAB as [49]
C =
√
2 (1− Tr (ρ2B)), (11)
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Figure 4: (Color online) Concurrence potential for k-PAHS as a function of (a) η with M = 5 and (b) photon
addition with η = 0.1.
where ρB is obtained after tracing over subsystem B. Mathematical expression for Tr
(
ρ2B
)
, in the present case with
ρAB = |φ〉〈φ|, is
Tr
(
ρ2B
)
= N4PAHS
M∑
n=0
M∑
m=0
M∑
r=0
[(
Lη
n
)(
L(1−η)
M−n
)(
Lη
m
)(
L(1−η)
M−m
)(
Lη
r
)(
L(1−η)
M−r
)(
Lη
n−m+r
)(
L(1−η)
M−n+m−r
)] 12
× ( 12)n+2k+r (LM)−2 n+k∑
k1=0
(n+k)!(m+k)!(r+k)!(n−m+r+k)!√
n!m!r!(n−m+r)!k1!(n+k−k1)!(k+m−k1)!(r−m+k1)!
.
(12)
This can be used to obtain an analytic expression for concurrence potential. The value of concurrence potential
equal to 0 (nonzero) corresponds to a separable (entangled) state, i.e., the input state is classical (nonclassical).
In contrast to the measure for the characterization of single photon source, we can clearly see the advantage of
increasing photon addition and η as both these state parameters increase the amount of nonclassicality, reflected
here by corresponding large values of concurrence potential (see Fig. 4). Notice that for higher values of photon
addition nonclassicality decreases with increasing probability η when η ≈ 0 because the quantum state in this case
is very close to Fock state. However, the decrease in the dimension of PAHS keeping the rest of the parameters
unchanged also increases nonclassicality of the state due to holeburning in the state, which is known as nonclassicality
inducing/enhancing operation. There is a change in the slope of the curve of concurrence potential with η for η = 0.5
as the derivative of C is not defined because of parameter L. This feature is often studied as a sudden change of
entanglement with significance in quantum information processing [56,57].
3.4 Wigner function
Nonclassicality in phase space is represented by the negative values of quasiprobability distributions [4, 58], such
as Glauber-Sudarshan P function [5, 6], Wigner function [50]. Here, we discuss the Wigner function to show
the nonclassicality in PAHS and subsequently quantify the negative volume of Wigner function as a measure of
nonclassicality [59].
The Wigner function of a pure quantum state in position-momentum space is defined as [50]
W (x, p) = 1pi
´∞
−∞ ψ
∗(x+ y)ψ(x− y) exp (2ipy) dy. (13)
To compute Wigner function for PAHS we write the state in position space using the definition of Fock state |n〉 in
the position space [58]
|n〉 = φn(x) = bne− x
2
2 Hn(x), (14)
where bn = 1√
pi
1
2 2nn!
in the units of ~ = 1, and Hn(x) is the Hermite polynomial. Consequently, we can express
the finite dimensional qudit state (1) as
|ψd(x)〉 = Nd
d−1∑
n=0
cn|n〉 =
d−1∑
n=0
cnφn(x). (15)
Using Eqs. (13)-(15) we obtain the Wigner function of PAHS as
W (x, p) = e
−(x2+p2)
pi
M∑
n,n′=0
N2PAHS
[(
Lη
n
)(
L(1−η)
M−n
)(
Lη
n′
)(
L(1−η)
M−n′
)] 12 (L
M
)−1√ (n+k)!(n′+k)!
n!n′!
× (−1)n′+k
√
2n′−n
√
(n+k)!
(n′+k)! (ip− x)n
′−nLn
′−n
n+k
(
2x2 + 2p2
)
, n+ k ≤ n′ + k,
(16)
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Figure 5: (Color online) Wigner function of k-PAHS for (a) k = 1 with M = 10, η = 0.9, (b) k = 2 with M = 10,
η = 0.9, (c) k = 1 with M = 5, η = 0.9, and (d) k = 1 with M = 10, η = 0.75.
where Lam (z) is generalized Laguerre polynomial.
The Wigner function illustrates nonclassicality in PAHS by the negative values in Fig. 5. Specifically, we
observed that the negative values of the Wigner function are concentric circles, which are also the signatures of
non-Gaussian behavior of the Wigner function. The number of rings of the negative Wigner function and non-
Gaussian features are decided by the various parameters of the state, i.e., the number of photon added, dimension,
and probability η. With an increasing dimension of the state the depth of Wigner minima decreases while the
number of rings increases (cf. Fig. 5 (a) and (c)). Independently, photon addition increases the number of rings
(cf. Fig. 5 (a)-(b)), while Wigner function becomes positive with a decrease in the value of η (cf. Fig. 5 (a) and
(d)).
3.5 Wigner logarithmic negativity
A measure of nonclassicality was introduced which quantifies the negative volume of Wigner function [59]. More
recently a resource theoretic counterpart of Wigner volume has been proposed as Wigner logarithmic negativity [51].
Here, we aim to quantify the amount of nonclassicality illustrated by the Wigner function (16) using Wigner
logarithmic negativity [51], which is defined as
W (δ) = log
(ˆ ˆ
dxdp |W (x, p)|
)
, (17)
where the integration is performed over both position and momentum quadratures in the phase space.
All the qualitative observations regarding the dependence of Wigner negativity on k, M , and η are established
quantitatively using Wigner logarithmic negativity. Specifically, the Wigner logarithmic negativity increases with
photon addition and η, while increasing dimension reduces the nonclassicality (see Fig. 6). Interestingly, the
concurrence potential of the two-mode quantum state generated from PAHS at a beamspitter (in Fig. 4) and the
Wigner logarithmic negativity (in Fig. 6) gave us the same conclusion.
Thus, both measures of nonclassicality used here show that nonclassicality can be increased by increasing value
of η and/or adding single photons in the state which creates hole in the photon number distribution from lower side
and/or reducing dimension of the state, i.e., burning holes for the large n states.
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Figure 6: (Color online) The variation of Wigner logarithmic negativity as a function of (a) photon addition for
M = 10 and η = 0.9, (b) η, and (c) M for k = 1 and η = 0.9.
4 Result and concluding Remarks
We proposed PAHS state with an aim to quantify the amount of nonclassicality in the concerned state and es-
tablish the role of quantum state engineering tools, namely, photon addition and holeburning, in enhancement
of nonclassicality in hypergeometric state. Here, we used a measure to characterize the quality of single photon
sources and anticlassicality, both of which showed us that these nonclassical features depend on the average photon
numbers. Specifically, with the photon addition, dimension, and probability η the average photon number increases
as the photon number distribution at higher photon numbers increase at the cost of that for lower photon numbers.
Therefore, in view of the present results, we can conclude that anticlassicality can be viewed as a measure for the
characterization of single photon source. Interestingly, photon subtraction is also known to increase the average
photon number of a quantum state. Therefore, it would be worth analyzing the role of photon subtraction in
changing anticlassicality of a quantum state, especially when a hole in the photon number distribution at vacuum
is not expected due to single photon subtraction unlike photon addition.
We have further quantified nonclassicality in PAHS using Wigner logarithmic negativity and concurrence poten-
tial, i.e., the entanglement generated at the beamspitter. Specifically, we observed that nonclassicality increases by
non-Gaussianity inducing operation photon addition and increasing probability parameter η, while nonclassicality
reduces by increasing the dimension of the state. In the attempt of obtaining Wigner logarithmic negativity we also
characterized nonclassicality qualitatively using the Wigner function which illustrated the non-Gaussian behavior
of the quantum state under study.
The present results illustrate the highly nonclassical behavior of the PAHS, which can be enhanced by photon
addition, burning some holes in the phase space (i.e., reducing the dimension of the state), and optimizing the value
of parameter η. The choice of the present state allows us to reduce the corresponding results for a set of quantum
states, for instance, binomial state, phase independent coherent state, and respective photon added states as well as
hypergeometric state. This study can be further extended to the role of the rest of the quantum state engineering
tools in enhancing nonclassicality and non-Gaussianity of the other finite dimensional quantum states. We hope
the present work will motivate such study and find applications in some quantum information processing tasks,
specially in quantum cryptography where at one hand single photon sources (which can be generated using states
obtained as limiting cases of PAHS) are required for discrete variable quantum key distribution and on the other
hand continuous variable quantum cryptography useful for metropolitan quantum network can be realized using
these states.
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